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Abstract—This paper deals with the sizing of end buffers in T, D:D_l,
ATM networks for sessions subject to constant bit rate (CBR)
traffic. Our objective is to predict the cell-loss rate at the end Q Q
buffer as a function of the system parameters. We introduce direct link

the D+G/D/1 queue as a generic model to represent exit buffers
in telecommunications networks under constant rate traffic, and

use it to model the end buffer. This is a queue whose arrival
rate is equal to its service rate and whose arrivals are generated (@)
at regular intervals and materialize after a generally distributed

random amount of time. We reveal that under the infinite buffer

L
assumption, the system possesses rather intriguing properties: on
the one hand, the system isnstablein the sense that the buffer @ Q
content is monotonically nondecreasing as a function of time.

On the other hand, the likelihood that the buffer contents will
exceed certain levelB by time ¢ diminishes with B. Improper
simulation of such systems may therefore lead to false results. We
turn to analyze this system under finite buffer assumption and (b)

derive bounds on the cell-loss rates. The bounds are expressedrig. 1. Connection of source and destination nodes. Connection via (a) a
in terms of simple formulae of the system parameters. We carry direct link and (b) an arbitrary network.

out the analysis for two major types of networks: 1) datagram

networks, where the packets (cells) traverse the network via . —_
independent paths and 2) virtual circuit networks, where all cells €onsists of a data source node and a destination node whose

of a connection traverse the same path. Numerical examination processing/transmission speeds identical to each other and
of ATM-like examples show that the bounds are very good for which are connected by a network whose speed and delay can
practical prediction of cell loss and the selection of buffer size. g arbitrary.

Index Terms—ATM, buffer sizing, CBR, D+G/D/1 queue, end- In a communications system where a data source node is
to-end loss rate. connectedlirectly to the destination node [see Fig. 1(a)], no
buffers are required at the destination node (or one buffer
suffices) since the speeds of the destination and the source
) ) ) are identical.

HE SUBJECT of this paper is the analysis of end buffers | contrast, in systems where the connection between the

in ATM networks when they are subject to constant bi{, e node and the destination node are done via an arbitrary
rate (CBR) traffic. Our major objective is f[he derivation of the atwork [see Fig. 1(b)], the delays incurred by the data units
cell loss rate at the end buffers, as to yield proper design gl arhitrary and, thus, buffers are required at the destination
these buffers. _ _ _ _ node to avoid data loss. A major design issue is that of

In ATM networks with CBR ftraffic, as in a variety Of ggjecting the size of the buffer at the destination node so as to
other data and telecommunication networks, a session typ'ceﬂ%vide that data loss will not exceed desired values.
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processing power as the source node; thus the processing tgoed prediction and to be used to design the size of the exit
of a cell at the destination node is one unit of time. buffers.

To analyze the behavior of the exit buffer, we introduce
a new concept of arrival processeterministically-generated o previous Work
generally-postponedrrivals and a new queueing model, the . .
D+G/D/1 queue. In the deterministically generated generanIS:%yThe D+G/D/1 queue seems to be inherently different from

postponed arrival process, arrivals are generated at deter W—]etr. the .D/ (?/1 qu::-#e ((33/371 €.g.a s}:dy thFhat ?{f‘tellﬂt;'\”th
istic (regular) intervals, but their arrival time to the queue igacations in [71), or the queue. A variation of the fatier

postponed by a generally distributed random variable, call&§s studied in the context of ATM work in [8], where the

e . : arrival process into the queue is a Poisson cluster process and
the postpone distributionThus, if C; is the cell generated at ) e :
epocht, thenC, enters the queue at-P,, whereP, is a gen- the model is the PCP/D/1 queue. Another variation was studied

erally distributed random variable. TheH®/D/1 queue is a in [2], where the Geo/D/1 and the Geo/D/1/n queues were

gueue where the arrival process is deterministically distributgaz.ilyzed' The deterministically generated generally postponed

generally postponed, the service time is deterministic and th val process mtroduceq in our work mherenjtly @ffers from .
; : . : hose arrival processes in the fact that, despite its stochastic
is a single server. A special case of the-G/D/1 queue is the

D/D/1 (the postpone value of each arrival is deterministicall?rzpealrance to the queue, its generation is periodic and regular

0) which s trivial to analyze. The BG/D/1 queue seems to be d, thus, its arrival rate is identical to the service rate in the

) . ) ystem.
g‘ﬁ:&?gﬁg':feer;iﬂf(g%r: '[T::Q?srstsg 5]/2/61(:3:?:10;;::)8\,\/6/[3& The problem of buffer design in ATM was addressed in [1],

Unfortunately, the structure of the4B5/D/1 queue seems where a method for simulating a system to capture very low

to be too complicated to yieléxact analysis of the buffer loss rates was presented,

occupancy and loss rate. In particular, the use of infinite buffer

analysis (which is a common technique) cannot deliver such  |I. THE D+G/D/1 QUEUE: MODEL FORMULATION
results. Rather, our analysis (Section Ill) of the infinite buffer AND BASIC RELATIONSHIPS

model reveals several intriguing properties: on the one hand
the system ignstablein the sense that the buffer content isS
monotonically nondecreasing as a function of time. On trg
other hand, the likelihood that the buffer contents will excee
certain levelB by time ¢, diminishes withB.

We consider a discrete time model: time is slotted with the
lot size equal to the processing time of a cell. The slot that
arts at epoch and ends at epoch+ 1 is calledslot ¢.

Cell arrival to the DrG/D/1 queue is governed by the

following process. At the beginning of every time slot, exactly

These prope_rnes suggest_ Fhat the cell-loss anal_ys|s MYRE cell is generated; |€t, denote the cell generated at time
be conducteddirectly on a finite buffer system, which we Upon generation(’, does not enter the queue. Rathef
carry out in Section IV. We bound the cell-loss rate by botgm ’ ' i

h distributi d th d cell e etspostponedand its queue entrance occurs at titme P,
the postpone distribution and the postponed cell populat! ereP; is a nonnegative integer-valued random variable (i.e.,

distribution. P, gets its value fronv,1,2,---). P, is called thepostponed

The derivation of practical bounds for cell loss is the(}alueof C,: we assume thaP, has finite mean. We assume
carned'out for two major .network mod.els. ‘I_’he f|.rst Network ot the cells arrive at the gueue just prior to the cell boundary,
model is a datagram service network, in which different cel mely att~ = lim, o ¢ — el

of a session traverse the network independently of each OtherServices (cell processing) at the-IB/D/1 queue start

This models networks similar to the Internet. In such networkg, 5 .y ot siot boundary: thus, due to queue arrivals occurring
the postpone values of different cells (packets) are mdependg , a cell that enters the queue at timgmore precisely ™)

of each other (namely?; andP, are independent fos 7 ¢). s raaqy to be processed at stofhe processing time (service
In Section V, we consider this model and derive the propﬁrne) of a cell is exactly one time unit.

loss rates.
The second network model is a virtual circuit-like network .
where all cells of the same session follow exactly the sarﬁé Notation
path. This models the behavior of ATM well. In such networks, Below, we assume that at= 1 the system starts operating
the behavior of different cells in the session is not independewith an empty queue. Cedl’; is said to bepostponedat time
of that of others. In particular, they obey a simple constraint byif ¢ < 7 <t + P;. In other words,C; was generated on or
which young cells cannot overtake older cells. The analysis lo¢forer and entered the queue afterThe collection of cells
this model is provided in Section VI. A practical interpretatiotvhich are postponed ats called thepostponed cell population
of these results is provided in Section VII. at t, and we letP(t) denote the size of that population. The
Finally, in Section VIII, we conduct a numerical examinabehavior of the arrival process and the notions of postpone
tion of the results. We consider an ATM-like system in whickalues and postponed cell population are demonstrated in
the cells pass through a tandem of nodes before arrivingFag. 2.
the network exit buffer. We compare the analytic bounds sug-

gested by our analysis with the actual results of a simulation Remark: Defining arrivals to occur at” is only for the purpose of

. . . rganizing the events at the slot boundary. This could alternatively be done by
program and find that: 1) the bounds, indeed, hold and 2) fﬁ%ﬁ/ing arrivals occur at and all other events occurring &t. Our notation,

practical reasons, the bounds are close enough to warrant vggyefore, does not preclude a postpone valuef value 0.
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size of postponed cell
population: P(9) = 4

cell entrance to queue

T T =>
t

cell generation
T T | =
12 t

Fig. 2. The arrival process in the{BG/D/1 queue.

Let A(t™) (arrivals) denote the number of cells that enter The “bad news” of this section is that the system is
the queue at timeé—, and Q(t) denote the number of cellsunbounded, in the sense that when— oc the system’s
that are present at the buffer at tihéhis includes theA(¢~) backlog is unbounded. The “good news” is thatffoite values

arrivals). of ¢t and some arbitrary value (even relatively small values of
Let U(t) = P(t) + Q(t); note thatU(t) reflects the total k) the likelihood of reaching buffer occupangyis very small.
unfinished work (backlog) present in the system at time The first lemma relates the number of starvation points to

A starvationis an event in which no cell is processed dughe total backlog work.
to the lack of cells ready to be processed. An epodis Lemma 2:Fort > 1, U(t) = S(¢) + 1.
called astarvation initiation pointif no cell processing starts Proof: The lemma follows from the fact that the number
at t; this happens ifQ(t) = 0. Epocht + 1 is called, in of cells generated in the slois2,---,t — 1 is exactlyt — 1
this casestarvation completion pointSlot ¢ is called, in this and the number of cells processed during those slots is given
case, astarvation slot Let S(¢) denote the total number of by t — 1 — 5(t). The difference between these quantities is the
starvation initiation points which occur prior to epothThus  number of cells generated in2, - - - t — 1 but not processed in
S(t) = TiZ1 1(Q(i) = 0) wherel() is the indicator function 1 2, ... ¢+—1. This quantity plus one (the cell generated it
whose value is one if its argument is true and is zero otherwisge backlog at, U(t). ThusU(t) = t—1—(t—1—S(t))+1 =
S(t) + 1.
B. Basic Relationships Next, we establish that the system is “instable.” This in-
The following is a basic relationship between the sizes of t§bility is reflected in the fact that the system’s backlog is
postponed cell populatioR(t) and the arriving cell population Monotenically nondecreasing.

A(t™). Theorem 2:For 1 < ¢<t/, U(t) < U(¥).
Theorem 1: For everyt > 1 Proof: The proof fpllows diref:tly from Lemma_2 and
from the fact thatS(¢) is monotonically nondecreasing (by
P+ AtT)=P(t—-1)+ 1. (1) definition). O

Unlike common queueing systems in which the growth of
Proof: The proof follows simply by observing that thethe unfinished work is typically gradual, the unfinished work
population of postponed and arriving cellstatonsists of the in the D+G/D/1 queue is attributed to “arrival bursts.” More
newly generated cell (@) and the postponed cells 6f- 1.00  precisely, a growth of the backlog to sizecan occur only
Next, we show that the expected size of the cell populatiofi,a burst of & arrivals gets postponed concurrently. More
E[P(t)], is bounded by that of the postpone distributibf’].  precisely, the backlog can reach vafuenly if there exists an
Lemma 1:If the postpone valued, ¢t = 1,2,---, are epoch{ in which the total number of postponed and arriving
identically distributed (likeP), and E[P] is finite, then the cell ¢gis P(f) + A(") reachest. This property is established in
population distributionP(t), ¢ = 1,2,---, has finite mean, the next theorem.
which obeys Theorem 3:If U(ty) = k>0 then there exists an epoch
B 1 < f < to such thatA(f~) + P(f) = k.
EPM]< B[Pl =12 2) Proof: Let t = min{t|U(t) = k}. Obviously, f must
exist sincel(to) = k; further, £ < t,. For k = 1, we have

The proof of this lemma is given in the Appendix. z . - . i
t=1,U(t)=1,and At~ )+ P(t) = 1 and the claim follows

trivially.
[ll. BASIC RELATIONSHIPS FORINFINITE BUFFER For k> 1, we havei>1 (since U(1) = 1) and we can
SYSTEMS. “BAD” AND “GOOD" NEWS examine the system & — 1. Due to f being minimal and

We start our analysis by examining the behavior of infinitdue to the monotonicity of/() we haveU(t) = %k and
buffer systems. The results derived here will be used later it — 1) < k. Thus, from Lemma 2, we havé(¢) = k — 1
the analysis of cell loss in finite buffer systems. andS(t—1) < k — 1. Thereforef — 1 is a starvation initiation

As can be seen below, the characteristics of the@D/1 point and we must have(t — 1) = 0.
queue are quite different from those of common queueingNow, sinceQ(t) obeysQ(t) = [Q(t — 1) — 1]t + A(¢t ™),
systems. we must have(f) = A(t7). Thus A(f~) + P(t) = k. O
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An implication of Theorem 2, under quite a wide set
of conditions (e.g., the postpone values are independent of
each other), is that if the probability of reaching queue
level & is positive then the probability of passing level
when ¢ — oo approaches 1, namelyim; .., Pr[U/(¢) >
k] = 1. This suggests a quite “unpleasant” behavior of the
system. Nonetheless, in practice, this behavior is outweighed
by Theorem 3, which can be used to bound the likelihood
reaching buffer level of:.

We later (Section V) use a stochastic postpone model to
represent the system and will focus our efforts on using the2)
property established in Theorem 3 to bound the probability of
the systenenteringinto large population state. The epochs at
which the system enters such states are denbtedtrance
epochs More precisely, an epoch is called ak-entrance
epochif A(t~)+ P(t) > k. The importance of such an epoch
is that if the system’s backlog is lower tha@nprior to ¢, it
increases td: (or above) att.

The last result of this section bounds the amount of backlog
work by the maximal postpone value. Recall tiat is the

postpone value of’;. 3)
Theorem 4: Let k..« be the maximal value oP; for any
value oft, namelyP, < k,.x for anyt. Then: For everyt,
U(t) < kmax + L.
Proof: The proof follows by observing at epochthe 4)

joint population of P(¢) and A(¢~). Of this joint population,

the oldest cell must have been generated: at k. OF
later (due to the condition of the theorem), and the youngest
cell must have been generated tatThus, due to the cells
being distinct from each other we must halét) + A(t™) <
kmax + 1. Theorem 3 now implies thdtf' (¢) < kpax +1. O
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cell is removed
from buffer for processing

|

T T T
t-1 t

t+1

cell arrival to buffer
and cell loss occur

%fg. 3. Event sequence at slot boundary.

At the beginning of the slot, namely at, the cell

to be processed is removed from the buffer and the
space it occupied is released. (During its processing, the
processed cell is stored in a separate buffer that is not
accounted for in our model.)

Remark 1Note that in our model, the space of queued
cells and that of the processed cell are not shared. An
alternative model is one in which those buffers are
shared. A short analysis and the main results of this
model are provided in [5].

Arrivals occurduring a slot and are accounted for as if
they arrive at the end of the slot. We thus assume, as in
the previous sections, that arrivals occurtatand let
A(t™) denote their number.

Arrivals that find the queue full alest Lossesccur at

t~ and their number is denoted B~ ). The number of
losses obeydi(t~) = [[Q(t — 1) — 1]* + A(t™) — B|*.

The actual arrivals that enter the queue Bstthen given

by A(t~) —I(t7). The total number of losses occurring
by time ¢ is denotedL(¢) = !_;I(i™).

Following these rules, the equations that govern the system

In situations in whichP; is unbounded, we cannot bountbehavior are as follows (recall th&(¢) denotes the queue
the buffer occupancy, which can reach any vatui fact, due population att)

to Theorem 2, the probability of havirigor more cells in the
buffer, whent — o is 1. These cases are treated in Section V,
in which we consider a stochastic model and provide bounds
for the likelihood of reaching large population states.

IV. ANALYSIS OF FINITE BUFFER SYSTEMS

() =[Rtt-1)—1"+ A ) - BI 3)

Q) =[Q(t—1) — 1" + A7) — I(t7). (4)
An equivalent equation fof}(¢) is

Q(t) = min[[Q(t — 1) — 1]* + A(t "), B]. (5)

In this section, we analyze finite buffer systems. The model
is equivalent to the one described earlier, but the buffer is

assumed to be finite of sizB > 1. For this reason, cell loss g gasic Relationships between Starvation and Loss

may occur in the system. Our interest is in deriving an upper
bound for the probability of loss. This can be accomplished br(?/
relating the probability of loss to the probability of starvatio

(Theorem 5), and then establishing bounds on the probabhil-
ity of starvation (Section IV-C). We start with preliminary

definitions. A).

The first relationship relates the lossk&) to the number
f starvation eventsS(t).

Lemma 3: For a finite buffer systeni(¢)+U(¢) = S(¢)+1,
ort > 1wherelU(t) = P(¢t)+Q(¢), as defined (in Section II-

Proof: The lemma follows from the same logics leading
to Lemma 2 (infinite buffer analysis). The number of cells not
processed in the slotg 2---,¢ — 1 is S(¢). At epocht, all

Prior to the analysis of the system, assumptions on thge cells not processed in the sldts - - , ¢ — 1 must be either
system behavior must be made. We assume that events occyogtponed, queued, or lost cells. Thus, accounting for the cell
the system at the following epochs (Fig. 3 depicts the everfenerated at, we haveS(t) + 1 = P(t) + Q(¢t) + L(t). O
in the system). Next, we relate the rate of loskm,_.., E[L(t)]/t to the

1) Cell processing starts at the beginning of a slot and riate of starvatiodim,_.., E[S(t)]/t.

triggered only if the number of cells contained at the Theorem 5: At steady state, the loss rate is equal to the
queue is greater than ze(@)(¢) > 0). starvation rate.

A. System Modeling
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A(B+6)=2 AB+7)=0
No Arrivals Q(B+6)=2 Q(B+7)=1
P(B+5)=B+5 P(B+6)=B+5-1 P(B+7)=B+5
f >
| ! i
0 B+45 B+6 B+7 t

Fig. 4. Counter example for Theorem 6.

Proof: For arandom variabl&’, let E[X] be its expected
value. From Lemma 3, we have that

i ZEO_ oy ESO 1 EUE)
t—oo t t—oo t t t
= i A0 ®

This is implied from the fact that'[l/ (¢)] = E[P(t)+Q(t)],
and thatE[P(t)] is finite (see Lemma 1) and th&§(¢) is
bounded from above by the buffer siz&

C. Bounds on Work and Starvation

Next, we will establish an upper bound 6iit), the number
of starvation slots by epoch We will start by analyzing the

system behavior using two lemmas. The first lemma deals with
the build-up period, a period where the buffer first builds up.

It starts att = 1 and ends when, at the first timg(t) = B.
The second lemma deals with thaturation periodthe period
that starts when the first period ends.

Lemma 4: Let ts, denote the first epoch at whic(t) = i.

2) This is proved by providing a counter example. Such an
example, depicted in Fig. 4, reflects a situation in which
there are no arrivals dt < ¢ < B + 5, two arrivals at
t = B+6, and no arrivals at = B+ 7. In that example,

t = B+ 7 is a P-increment point but not a starvation
point (sinceQ(B + 7) > 0).
O
Corollary 1: The number of starvation points in the interval
[tss,t] is bounded from above by the number®fincrement
points for which P(t) > B.

Corollary 2: Assuming steady state, the starvation and loss
rates are bounded by the size of the postponed cell population
as follows:

tlim = tlim E[S(0)]
< tlim Pr[P(t) > BJ. (7)

V. DATAGRAM NETWORKS SYSTEMS WITH
INDEPENDENT POSTPONE VALUES

Then for everyl < ¢t <tg, the system behavior and the buffer

contents are identical to those of the infinite buffer system
it is subject to the same arrivals).
Lemma 5: For ¢t > tg,, U(t) obeys
B<U@®) < S(t)+ 1.

The proofs of Lemma 4 and 5 are given in Appendix A.

if In this section, we consider systems in which different cells
“ollow different paths through the network; thus, the delay
incurred by one cell in the network can be assumed to be
independent from that of other cells. This is modeled by having
the postpone values of the different cells independent of each
other.

Below, we assume that the postpone valueCpf P, is a

Remark 2: Note that, unlike the infinite buffer system infandom variable. We also assume that the postpone values are

the finite buffer system{/(¢) does not grow monotonically Ndependent of each other, namélyand’ are independent
since cells can be lost. of each other for everyandt’, ¢ # ¢'. Further, we assume that

The next theorem analyzes the number of postponed cédft§ Postpone values are all taken from the same distribution,
(P(#)). Specifically, we characterize the epochs at which thi@mely for everyt, 7 is a random variable distributed like
function increases. This characteristic will then be used % Letpx = Pr[P = k] and letF, = Pr[P > k] = %72, pi,
establish bounds on the number of starvation points. k=012-.--. .

Prior to stating the theorem some more notation is required: 1 €orem 7: Assume that?;, 7, -- - are independent ran-
An epocht is called aP-incrementpoint if P(¢) > P(¢t —1). dom variables, all distributed like. ThenPr[A(t™) = k] is

Theorem 6:Let t > ts,,, then we have the following. bounded as follows:

1) If ¢ is astarvation initiationpoint, then:

i ) . lim Pr[A(t7) = k]
a) t is a P-incrementpoint; t—0o0
b) P(t) > B. = = =
. - . . < i PR it k>0.(8
2) If tis a P-incrementpoint andP(t) > B, thent is not - Z:O Pin Z+1 P ‘ Z i Pi ®
i1 = G2 =11 Tp=tr 1

necessarily atarvation initiation point.

Proof: Proof: Let 4;, 4,....s, denote the event in which the cells
1) If ¢ is a starvation initiation point, thenQ(¢t) = 0, Ci—,,Ci—i,,---,Ci_;, enter the queue &t The probability
implying that: of the eventA;, ... ;. is given by

a) A(t~) =0 [from (5)], and thus, from Theorem 1%,
is a P-incrementpoint;
b) P(¢t) = U(t), and thus, from Lemma 5°(¢) > B.

Pr[A;, ...i.] = PoP1 -+ Pi, 1P Piy 41~ Pin—1Pis  Pi

(9)
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wherez = 1 — z. Now, since for everyj, p; < 1, this By taking thekth derivative (k = 0,1,2,---) of (16) with

expression is bounded by respect toz and substitutingz: = 0, we obtain
Pr[A;, i ] < pipiy - Dy (10) oo ‘
Finally, noting that o = 1:[1 -9
PA() =k = > Prd,.i] (A1) > > <
0<iy g iy <oo TE=To Dt D @i Y
. i1=1 i2=%1+1 i =tp_1+1
the theorem is proved. O k> 1 (17)

A similar bound can be derived regarding the nonqueued
backlog (postponed cells plus queue arrivals}.at where a; = pi/(1 — pi).

Theorem 8: The density of the nonqueued backlog distri- I ] . h h . . .
bution Pr[P(¢) + A(t~) = k] is bounded as follows: Coro ary 3: Using T eorem'l, the EXpressions d.erlyed'ln
' (17) and in (16) can be used directly to derive the distribution

tlim Pr[P(t) + A(t7) = k] of ¢; = lim;_,.. Pr[P(¢)+ A(t~) =]. Specifically, we have
o - - - go =0 andgq; = m_q fori > 1.
<1- Z P, Z P, Z . P, >1.(12) Lastly, we provide closed form expressions for upper

bounds on the distribution od(¢~) and P(¢) + A(¢t~). These
are based on the bounds derived in (8) and (12). Under the

Proof: The proof goes along similar Iines__to that of ssumption of geometric distribution of the postpone values,
Theorem 7 and by noting that: 1) the probability that ce hese bounds become

C,_, is either postponed or arriving atis given by P, and

to=1 t3=iz+1 tp=tp_1+1

2) the cell located af; = 0 is always postponed or arriving Kk ;

att=0. O lim PrfA(r ) =k <2 . k20 (18)
Remark 3: The bounds given in (8) and (12) increase ' = Pty o

somewhat ifP; is known to beP; >0 (which is the case k-1 P

in many applications) since thef, is always postponed &t~ Pr[P(#) + A(t7) =k < [] T k=21l (19)

and C,_; is always postponed or arriving &t i=1 b

Remark 4: Note that for every value di<p < 1 andk > 1
the right hand side of (19) is smaller than that of (18). Note also

Below, we derive the steady state distributions assuming thakt the bound in (19) can also be derived by using Theorem
P1, P2, -+, are independent random variables, all distributed 5¢ (18) and (17).
geometrically, i.e.pr = Pr[P = k] = pp* and therefore Corollary 4: From Theorem 1 and (19), we get
P, = Pi[P > k] = p*.

First, we provide exact expressions for the postpone distri- k
bution P(t). Let m; = lim; .., Pr[P(t) = i] andIl(z) = lim Pr[P(t) = k] < H
o, miz'. From the evolution of the number of postponed o im1
cells, we have

A. Exact Analysis for Geometric Postpone Distribution

%

D
1—pt’

E>0. (20

oo From (20), we may now derive expressions for the prob-
o = Z Pt ability of a p-increment point. This is given b¥r[P(¢) =
P k,P(t+1) =k + 1] and can be computed as follows:

PR P N )
mzmlw+§:w<f;>ﬁﬂ“w, Jj>1. (13) Pi[P(t+1)=k+1,P(t) = k]
=i =Pr[P(t+1) = k+1|P(t) = k] - Pr[P(t) = k]
Multiplying (14) by 2 and summing forj > 1, we obtain k P
oo oo <pttt : k>0 (21)

: . 1_pz’
2, ™ =) T2y =

o oo . where the inequality results from (20).

+ Z Z 7 <'L +1 )ﬁij+l(pz)j (14) The practical use of these inequalities is as follows. Equation
(19) can be used in conjunction with the analysis of infinite

buffer systems to bound the likelihood kfentrance epochs.

Equation (22) can be used in conjunction with the analysis of

H(z) = (@ + p2)IL(D + pz). (15) the finite buffer system (Corollary 1) to bound the likelihood

of loss (and starvation) as follows:

which after simple algebra yields

Using (15) recursively, we have

oo oo k i
O(z) =[] 1 - 21— 2. (16) lim EW@]SE:;#HIITgﬁ. (22)
k=B

t—oo t
=1

=1
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VI. VIRTUAL CIRCUIT NETWORKS SYSTEMS WITH law applies in our case: The relation between the population
TANDEM-LIKE DEPENDENT POSTPONEVALUES size, the delay, and the arrival rates holds not only to their
In this section, we consider a system in which all cells &xpected valuesbut also to theirfull distribution , namely
a session follow the same path. This implies that the stredmll” = k| = Pr[?) = k] ) _
of cells under consideration follows a tandem of queues. ThiSNote that the distributional form of Little’s law was studied

fact, combined with an assumption that the queues use {Rd3] @nd [4], butin the framework of Poisson arrivals. Here,

FIFO strategy, implies direct dependencies between the delg%/'é distributional form of the law is observed in the context
periodic (regular) arrivals.

incurred by different cells through the network. In particula® : X
To conclude this section, we note that Theorem 11 And

cell ¢ cannot overtake cefl— 1. This is expressed in the next )
proposition. Corollary 2 yield a computable bound on the loss rate and

Proposition 9: For k = 0,1,---, if P, = k thenP,,, > Starvation rate.
k— 1
Next we establish two simple conditions for cell accumu- VII. PRACTICAL USE
lation at the end buffer: The analysis provided above (Corollary 2, Theorem 1

Theorem 10:The size of the postpone population at time 3,4 Theorem 8 for independent postpone values with gen-
depends on the postpone values of past cells as follows. grq) distributions, (22) for independent postpone values with
1) P(t) = k+1if, and only if, P, >k andP; 1 < geometric distributions, and Corollary 2 and Theorem 3 for
k+ 1. tandem-like dependent postpone values) yields bounds on loss
2) P(t) z k if, and only if, Pr_r41 2 k. and starvation expressed in terms of the postpone distribution
Proof: The proof follows directly from the proposition. 7.

Theorem 10 leads to a striking identity between the distri- For actual networks, the postpone values are the delays
bution of postponed valueB, and the distribution of number incurred in the networks. These are either known, or proce-
of postponed cells at certain moment¥t); dures for their derivation (exact or approximate) are typically

Theorem 11:The limiting distribution of the number of available.
cells postponed in the system is identical to the limiting Thus, the derivation of the loss rate at the end buffer should

distribution of the postpone values, namely be conducted as follows: 1) derive, by other means, the delays
- incurred in the network and use them as the postpone values
1 o in our model and 2) use our analysis to derive the bounds on
lim — 1[P(t) = k] ) ;
T—oo T’ £ the loss rate as a function of the buffer size (and the postpone
|z values).
= lm = Y 1P =4 (23)
t=1 VIIl. SIMULATION RESULTS
where 1() is the indicator function. The aim of this section is to use simulation to examine, in
Proof: From Theorem 10 (2) and Proposition 9, it is easihe context of ATM, the quality of the loss probability analytic
to see that for any value & and %, we have bounds derived in the paper. We examine three bounds. The

first bound, denoted’.,., reflects the bound established in

T . .
corollary 1. P, is defined as

T
k2> 1Pz k=Y 1[P{t) 2k 20. (24)
t=1 t=1 P, =Pr[P(t) > P(t - 1), P(t) > B]. (26)
Applying this inequality tok andk — 1, and subtracting these

two equations from each other, we get Since, by Theorem 5, the probability of loss is equal to that

of starvation,P;,. is a bound on the probability of loss.

T T The second bound Br[P(¢) > B] which is, by definition,
k= P =k—11-> 1[P{t)=Fk—1] an upper bound oP,pe.
t=1 t=1 The third bound isPt[P; > B] which is identical, by
> —(k-1). (25)  Theorem 11, taPr[P(t) > B].

Note that the first two bounds are, in principle, hard to
compute, and thus will be evaluated via the simulation. In
ﬁontrast, the third bound reflects the postpone distribution
which depends only on the delay distribution incurred by a
rc%JI while passing through the network. This measure can be
gerived by other means, and is carried out in this example by
analytic means.

Finally, dividing by 7" and taking?Z to infinity yields the
proof.

Remark 5: Note that Theorem 11 is in fact a generalizatio
of Little’s law [6]. The original law, which applies to a very
wide collection of systems, relates the expected delay incur
by customer(W) to the arrival rate()\) and the expected
number of customers residing in the syst@i) by the formula
L = A\W. A straightforward application of Little’'s law to
the population of postponed cells yieldgP] = 1 - E[P],
where P = lim;_,, P(¢), and 1 is the arrival rate into the The system simulated is a specific application of the data
system. However, as shown by Theorem 11, a much strongglecommunication session analyzed above. As mentioned, a

A. Simulation Description
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session consists of a data source node and a destination node 10
whose processing/transmission speeds are identical to each
other and which are connected by a network whose speed
and delay can be arbitrary. For the simulation, we chose a
specific network consisting of four tandem switches, each with
16 inputs and outputs. Each of the 16 outputs has a queue for
the data destined for that output from all 16 inputs. A cell
traversing the network will accumulate delays at the queues
of the four switches. The total delay is eventually translated
to the cell's postponed value at the network’s exit buffer.

The transmission speed of the data in the network is greater
than the transmission speeds at the source and destination 10 10 15 20
nodes. The parameter that determines the ratio of these speeds Rate ratio
is denoted theate ratio. The cell delay accumulated at the (@)
four switches in the network must be translated to the speed .
in the destination node by dividing the delay by the rate-ratio 10
parameter. This value is the postponed value (denoted through
the paper asP;) for the network exit buffer. As explained 10
in the paper, a cell generated at timegets postponed and
its queue entrance at the network’s exit buffer occurs at time 107
t+ Ps.

In order to simplify the system, one of the 16 inputs to each 10°¢
of the switches will transmit only the cells of the session being N
simulated. The session cells enter the first switch according to 5 N
a constant speed determined by the rate-ratio parameter; then,
their entrance to switch is determined by their entrance to o
switch¢ — 1 and the delay incurred in switch— 1. The other 10 15 20
15 switch inputs supply the rest of the data entering the switch, Rate ratio
each following a Bernoulli process in a stochastic manner, so (b)
that the total data entering the buffer at the switch obeys thig. 5. Cell-loss rate as a function of the network/source rate ratio
set load parameter. (Load = 0.8). (@) B = 2. (b) B = 3.
du-rr:t?oizn;léljlour}f:?;zfg?;g:jpumtegzﬁ?seg;&o:ﬁ:rds’: rf)t?orsz?;t%cons?st of the sum of 16 independent Bernoulli processes,
number of starvation events; 3}-increment points; 45)(¢); edch with parametep =load/16.

5) P(t); and 6) P, (all defined above). C. Results

Probability

loss (simulation)

Our results are exhibited in four figures. Figs. 5—7 depict
the loss rate as a function of the rate-ratio, for different buffer
The postpone valué™, in the D+G/D/1 queue model is sizes(B) and loads. The figures contain each four curves: the
equal to the delay incurred by a cell while passing through tlaetual loss rate incurred in the simulation (solid line), and the
network. This is given by three bounds’,,., Pr[P(¢) > B], and the analytic prediction
of loss (andP,). While the first two bounds are measured

B. Computation of Analytic Prediction

LI by the simulation, the third one is computed analytically. The
Z dy actual values of the quantityr[P, > B] were measured in
P=| = (27) the simulation as well, and were found to be exactly equal to
rate-ratio Pr[p(t) > B].

Fig. 8 depicts the loss rate as obtained by the simulation
(solid line), and the analytic prediction (dashed line) as func-
whered: is the delay incurred by theth cell at switchi. tions of the buffer size, for different values of load and rate

Thus, a convolution of the delays incurred in the individudRto-
switches is used to obtain the analytic predictiorRyf This
would bepreciseif the switch delays were independent of eac
other. In our case, one may assume that these are close to beirihe results suggest that the effect of the buffer size on
independent due to the extent of traffic mixing occurring in thée cell-loss rate is very dramatic. Fig. 5, for example,
switches. However, these are retactly independerdue to demonstrates that under approximately realistic parameters
the tandem-like structure. (source/network rate ratio of 20 and load of 0.8), the cell-loss

The delay distribution at switch, di, is computed nu- rate drops more than three orders of magnitude (from more
merically from the switch arrival process. This is assumatian 107® to 10~%). Thus, the indication given in the paper

P. Discussion of the Results
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...... P(t) >= B
107 _._. P_inc 1 10™°
___ loss (simulation)
107 : 10° . * *
10 12 14 16 18 20 10 12 14 16 18 20
Rate ratio Rate ratio

() (b)

10°

102} -

Probability
>

107

10 12 14 16 18 20
Rate ratio

©
Fig. 6. Cell-loss rate as a function of the network/source rate (ati@d = 0.9). (a) B = 2. (b) B = 3. (c) B = 4.

that likelihood of loss rapidly diminishes with the buffer sizavhere1() is the indicator function. Thus, we have

is verified by the simulation results. t—1 t—1
Figs. 5-7 demonstrate that on a log-scale the cell loss rate E[P(t)] = Z E[1(P,_i>1i)] = Z Pr[P,_; > 1]
decreases close to linearly with the rate ratio. This suggests i=0 i=0
that the rate-ratio curves can be used as good predictors (by t—1 t
the way of extrapolation) for the derivation of measures that = Z Pr[P>i] = Z P[P > 4]
are hard to simulate (very low cell loss rates). =0 i=1
Fig. 8 exhibits clearly the effectiveness of the bounds for S )
different load values and rate-ratios values. We observe that = z; Pr[P z i = E[P] (29)

the quality of the bound (as an approximation and predictor . .
improves with the rate ratio and degrades with the load. Sin\é\)gere the first equality stems from the fact that the expected

. o - ) galue of a sum is the sum of the expected values and the last
we are interested mainly in rate-ratio values in the area of : ) ) .
eqquahty stems from the fact th@ is a nonnegative discrete

and load values of approximately 0.8, we have a tight bouna’ndom variable. 0

It is important to mention that it is impossible (time wise Proof of Lemma 4:Let the first epoch when loss occurs be

to produce simulation results for loss probabilities in thgenoted by~ 1oe. The system is identical to an infinite system

s .
range lower than 1%, but thg prediction (bound) for theseif there is no loss in the system, namelyif... > ts, , which
parameter values can be easily computed.

we prove next.
For the contradiction, assume thakK ¢ 1o < tsy-

APPENDIX =
From Lemma 3 and the definition of,, we have

PROOFS OFLEMMAS 1, 4 AND 5

Proof of Lemma 1:Fort > 1, P(¢) is the number of cells
generated prior t@ but which enter the queue after Thus,
we have

L(tloss) + l](tloss) = S(tloss) +1< B + 1. (30)

t—1 On the other hand if loss occurs @t.ss then L(tiess) > 1
P(t) = Z (P, > i) (28) andU(tyss) > B (since loss occurs whef(t) = B). Hence,
i=0 L(tiss) + U(tioss) = B + 1, which contradicts (30). Thus
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Fig. 7. Cell-loss rate as a function of the network/source rate fatiad = 0.95). (&) B = 2. (b) B = 3. (c) B = 4.
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Fig. 8. Cell-loss rate as a function of the buffer size. (a) Rate rati®0. (b) Rate ratio= 15. (c) Rate ratio= 20.

by the contradiction forl < ¢ <tg, no loss occurs, and the For ¢ <tgs, there is no loss (Lemma 4), hendgts,) =

system is identical to an infinite buffer system. O I(ts, ). Nowts, is astarvation completiopoint, and hence
Proof of Lemma 5:The proof of U(t) < S(¢) + 1 follows I(ts,) = [A(ts, ) — B]* <[P(ts, —1)+1— BJ*
trivially from Lemma 3. K <[t K 1)+1 _B]+ i
=~ S — -

To prove B < U(t), let us first considet = ts,,. From +
Lemma 3 and the definition ofs,, we have L(ts,) + =[S(tsp — ) +1+1-B" =1L (31)
Ultsy) = S(tsy)+ 1= B+ 1. We prove thatL(ts,) < 1 (using (3), Theorem 1, Lemma 3, and the definitiontgf .)
and thusU(ts,) > B. Thus,l(ts, ) < 1 andU(ts,) > B.
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Next, we will show by induction that fot > s, if U(t) >
B thenU(t + 1) > B.
From (4) and Theorem 1, it follows that
Ut+1) =([QF) — 1T+ At~ +1) = I(t~ +1))
+(Pt)+1—- At +1)
>Q) —It™ + 1)+ P(¢)
>B-1{t +1). (32)
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(where the first inequality results from algebraic manipulation
and the second from the inductive assumption).
Now if {(t~ + 1) = 0, it follows that U(¢ + 1) > B. And,
if I(t~ +1)>0, the queue is ful(Q(¢t + 1) = B), and thus
U(t+ 1) > B, which completes the proof. O
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